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ABSTRACT: The issue of maintenance of ageing bridges with insufficient budget allocations is well documented throughout
Europe and beyond. To combat the issue of out of date assessment standards, insufficient structural information and deteriorating
bridges, probabilistic assessment bridge techniques have evolved significantly over the past number of years. Previously,
probabilistic analysis methods have been applied at the element level, where the highest element failure probability is assumed to
govern for the structure. This fails to account for inherent redundancy which is often present in bridge structures. For this reason,
system analysis approaches have been proposed which consider the actual probability of various collapse mechanisms. However,
most of these studies have been based on purely theoretical models which fail to consider the complex 3D structural response of
bridge structures, and are not applicable to structures subject to moving loads. This paper demonstrates a probabilistic system
analysis approach for two case study railway bridges, one being based on codified live loading and another based on measured
Weigh-In-Motion (WIM) data. FORM analysis and simulation techniques are used in combination with detailed 3D bridge models
to evaluate failure probabilities. For the first case study bridge, the analysis showed that the calculated failure probability varied
by a factor of 2.0 when applying a system approach. For the second case study bridge, the reliability index increased from 3.06 to
4.83 when applying a system analysis method.
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INTRODUCTION

Probabilistic assessment techniques have gained significant
traction in recent years to address the issues of ageing
infrastructure and conservative codes [1][2]. Much of the
previous research focuses on element level assessment.
Previous authors have suggested that this can lead to
conservative assumptions regarding the assessment itself.
A key simplification often made in traditional probabilistic
bridge assessments is that they are performed on an element
basis and fail to consider structural systems. As bridge
structures are currently assessed by managing the occurrence
of yield, there may be some reluctance for bridge managers to
adopt these system-based approaches. However, it is essential
that the move to assessing our bridges in this way is made to
avoid unnecessary repairs, draining available resources which
could otherwise be used for more safety-critical structures,
particularly where extreme events are assessed.
Melchers [1] provided fixed-form solutions to theoretical
problems in system analysis but the work did not provide
solutions for realistic bridge configurations. Frangopol [3][4]
provided a number of solutions for typical bridge
configurations, describing structural systems in terms of series
and parallel failure systems which account for structural
redundancy and deterioration. McCarthy [5] provided in depth
research of moving load positions and three dimensional bridge
problems, which outlined the complications associated with the
probabilistic plastic analysis when combined with moving
loads. However, the plastic method of redistributing loads was
not explored in the probabilistic analysis, and the combination
of different load positions causing different collapse
mechanisms was not considered.
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This paper describes two case studies which attempt to
demonstrate the system analysis approach for real bridges.
2

CASE STUDY 1: THE BOYNE VIADUCT
Description of the Structure

The Boyne Viaduct (Figure 1) was selected as the preliminary
case-study bridge for this study. The structure has been
extensively assessed from a reliability perspective in the past at
the element level, making it an ideal starting point for a
probabilistic system analysis. The bridge was constructed in the
1930s, and consists of a steel truss superstructure with a single
rail track. The ballasted track is supported on a steel deck plate
which spans between the longitudinal rail bearers. The
longitudinal rail bearers span between cross girders which
connect to the node points of the truss.

Figure 1. Aerial view of the Boyne Viaduct steel
superstructure
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As part of extensive previous research by the authors [6], the
bridge has undergone extensive Finite Element (FE) modelling,
Structural Health Monitoring (SHM) and subsequent
assessment. The FE model for the structure is illustrated in
Figure 2.

Figure 2. FE model of the Boyne Viaduct steel superstructure

Single element probabilistic analysis
Previous research [6] has investigated the reliability index and
failure probability of various elements of the structure,
including both members and joints. This research considered
the effect of SHM data by reporting figures before and after
SHM installation, for various members. Table 1 below
illustrates the deterministic utilisation ratios, failure
probabilities and each associated reliability index (β) for the
most critical elements and joints of the assessment. The
locations of the joints are illustrated in Figure 3.

not be strictly necessary from a safety perspective. However, to
form an initial consideration of the problem, the next section
explores the influence of the structural system on the results.
Multi-element probabilistic analysis
In an ideal scenario, the analysis of the failure probability for a
system should include all possible load positions and all
elements that have an impact on the system failure probability.
Additionally, it should incorporate consideration of structural
redundancy in the form of probabilistically plastic analysis.
However, bridge owners at present tend to conservatively
consider the critical (linear elastic) limit state and assume that
this constitutes bridge failure.
The live load for this work consisted of a probabilistic model
representative of RU loading from BD 37/01 (see Figure 4).
This was run across the influence lines for each of the elements
and the worst load position (LP) for each element was
determined. Figure 5 illustrates the critical load position for
each element 1-6 in Table 1. It should be noted that the
relieving parts of the uniformly distributed load (UDL) were
neglected. Stress influence lines (ILs) for the members (i.e.
truss diagonal, rail bearer and cross girder) were acquired from
Midas Civil, while for the connections, ILs were defined by
combining influence lines for load effects in each connection.

Figure 4. Type RU loading from BD 37/01
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With the failure criteria defined as:
𝐺 , (𝑥) < 0;

Figure 3. Boyne Viaduct Truss elements
Table 1. Element-based assessment of the Boyne Viaduct
No.
1
2
3
4
5
6

Element
A1 – B (joint A1)
B – B1 (joint B)
C – B1 (joint C)
Cross beam
Rail bearer
Truss diagonal

Utilisation
Factor
0.93
0.89
0.93
0.69
0.72
0.92

Failure
Probability
6.26E-09
9.20E-12
2.56E-08
1.89E-11
4.15E-11
3.77E-08

(1)

β
5.69
6.72
5.45
6.61
6.50
5.38

JCSS [7] suggests target minimum reliability indices for
existing structures for various consequence classes and costs of
remediation measures. The most common scenario adopted is
a “normal” cost and a “moderate” consequence of failure,
corresponding to a minimum β-value of 4.2. The minimum
value obtained for the Boyne viaduct is significantly above this
level and as such, further analysis of structural systems would

(2)

Where:
𝐺 , (𝑥) – performance function;
𝑅 (𝑥) – stochastic resistance distribution for element 𝑖;
𝐿 , (𝑥) – stochastic load distribution for element 𝑖 due to
load position 𝑗;
𝑛 – number of elements in the analysis.
It should be noted that for all elements the resistance
distribution is the yield stress of the steel; for all connections
the load distribution is the Navier stress combination in the web
due to normal service loading; for the members (i.e. truss
diagonal, rail bearer, cross girder) the load distribution is the
Navier stress combination due to normal service loading at the
most critical location of that member.
In this work, a Probability Matrix is defined, which gives
failure probabilities for all elements considered due to each LP.
In this matrix, the term Pfij gives a probability of failure for
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Figure 5. Load Position for failure of each element in Table 1
element 𝑗 due to load position 𝑖, where load position 𝑖 is the
most critical load position for element 𝑖.
Table 2. Sample Probability Matrix
Element 1 Element 2
…
Element n
Pf11
Pf12
…
Pf1n
Pf21
Pf22
…
Pf2n
…
…
…
…
Pfn1
Pfn2
…
Pfnn

LP 1
LP 2
…
LP n

Once the probability matrix is calculated, the failure
probability due to each load position is defined considering all
elements according to Equation 3, which includes all possible
combinations of failure due to a certain load position, i.e. it
takes into account the possibility that multiple elements can
potentially fail due to a certain load position.
𝑛
(3)
𝑃 =1−
(1 − 𝑃𝑓𝑖𝑗 )
𝑗=1

The failure probability due to each load position, by order of
occurrence, is illustrated in Table 3.
Table 3. Failure probability for each load position
Order of
Occurrence
1st
2nd
3rd
4th
5th
6th

Load Position

Failure
Probability

LP 4
LP 1
LP 5
LP 2
LP 3
LP 6

7.45E-08
6.70E-08
2.79E-10
4.55E-08
1.40E-08
5.44E-12

In order to perform a complete structural system analysis,
system redundancy should be considered. A probabilistic nonlinear analysis should be performed, considering each potential
location of plastic hinge occurrence, and performing additional
probabilistic assessment of the redundant structure [8][9]. For
the current work, the multi-component failure probability is
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defined in terms of yielding at any specific location, as bridge
owners currently manage their infrastructure on these terms.
Adopting this conservative failure criterion yields a failure
probability for the structure equal to the maximum value of
Table 3 (7.45×10-8). Consideration of structural redundancy
may indicate a lower failure probability than this value, which
only considers the system in terms of multiple potential failure
scenarios and failure load positions. Additionally, this analysis
may be considered a preliminary investigation due to the
unrealistic application of a probabilistic representation of a
codified load model. Indeed, the situation is substantially
complicated when redundancy is considered in combination
with site specific live loading which can have any unknown
number of axle loading configurations.
3

CASE STUDY 2: EBBW RIVER BRIDGE
Description of the Structure

The Ebbw river railway bridge in southern Wales, UK, is
illustrated in Figure 6. The bridge consists of two identical
single span steel girder bridges. Each bridge carries a single
ballasted track over the Ebbw river. The bridges share an
abutment, but do not impact on each other’s response.

Figure 6. Ebbw River railway bridge at track level
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The bridge superstructure consists of 2 no. 24.4m
longitudinal steel box section girders. The ballasted track sits
on a steel deck welded to 39 no. cross girders. All cross girders
are inverted T-sections, with the exception of the central girder,
which is an I-section.
To assess the structural response of the bridge to applied
traffic loading, a FE model of the structure was developed. The
model is illustrated in Figure 7. All members were modelled as
linear elastic beam elements, with the exception of the deck
plate, which was modelled using plate elements. The deck plate
has shared nodes with the cross girders in order to model the
welded connection on site and allow composite action to occur.
Figure 8. Construction drawings of cross girder – longitudinal
girder connection detail

Frequency

For the current case study, Weigh-In-Motion (WIM) data
was available for all traffic passing over the bridge for a period
of 46 days from November 2017 to March 2018. The
distribution of axle load data for the track which crosses the
bridge is illustrated in Figure 9. The maximum axle load of
250kN from Type RU loading (BD 37/01) is illustrated by the
red vertical line. Although the data appeared to have an upper
limit around this value, there were a total of 482 axles in excess
of this load for the track which crosses the bridge. The heaviest
axle in the data is 288kN. The partial factors used in
deterministic assessment traditionally take account of these
potential heavy axles, among other factors.

Figure 7. Ebbw bridge FE model
The cross girders are connected to the longitudinal girders by
the bolted connection illustrated in Figure 8. The cross girders
are welded to end plates as shown in section C-C (Figure 8).
The end plate is then welded to a 10’’ × 4.5’’ shear plate. This
shear plate sits on a second shear plate that is welded to the
main beam. There is no welded connection between these two
shear plates. It was assumed that the full vertical shear reaction
from the cross girder is transferred through the compression
face between these two shear plates. There is also a double
bolted connection at this point that was assumed to transfer the
full longitudinal shear and tension forces.

Figure 9. Train axle load distribution for Ebbw bridge
Single element probabilistic analysis
An element-based probabilistic assessment was carried out on
the structure as part of previous research [1]. Input variables to
the assessment were modelled stochastically including dead
load, Superimposed Dead Load (SDL), yield strength, live load
and model uncertainty. In order to perform the probabilistic
assessment, the maximum yearly distribution of live load effect
is required. As there were only 46 days of data available, the
maximum stress distribution per train was extrapolated to a
maximum yearly distribution. The tail of a Generalised
Extreme Value (GEV) distribution was fitted to the tail of the
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engineer, as the effect of modelling the occurrence of a plastic
hinge will significantly impact the resulting stress distribution
through the structure.

-log(-log(P))

data, as illustrated in Figure 10. This was then extrapolated for
maximum yearly load effects.

Figure 10. Fits to maximum daily stress on probability paper
The three most critical limit states to be addressed were Navier
stress failure of the cross girder, Navier stress failure of the
longitudinal girder and combined shear/tension failure of the
bolted connection between the cross girder and longitudinal
girder (Figure 8). The resulting reliability indices are illustrated
in Table 4.
Table 4. β-values for element-based assessment
Assessment
Navier stress failure of T-section cross girder
Navier stress failure of longitudinal girder
Shear + tension bolt failure at CG connection

β-value
3.06
6.73
6.15

The β-value of 3.06 (failure probability of 1.09×10-3)
obtained for stress failure of the cross girder was found to be
below the target reliability index of 4.2.
Probabilistic assessment of structural system
The results of the element-based assessment for the cross girder
indicated that the structure in question does not have sufficient
reliability at ULS, if load distribution through the sleepers is
ignored. However, this value of reliability index does not
consider plastic load redistribution in the structure, which
allows consideration of failure criterion beyond simple yielding
of an element. For this work, the system-based reliability
analysis methodology illustrated in 4 was adopted.
The methodology begins with a reliability analysis of the
critical element, as per the previous section. Should the
reliability be shown to be sufficient at the individual element
level, it is not recommended that further analysis be carried out.
However, if the reliability level calculated does not exceed βt
(as per the case of the T-section cross girder of the Ebbw
bridge), redundancy should be considered either by removal of
the element from the FE model, or removal of its impact on the
structure by replacement with a plastic hinge. Depending on the
nature of the FE model, this may result in the occurrence of a
mechanism, indicating structural collapse (ULS failure).
However, if the structure has sufficient redundancy at ULS,
removal of the critical elements may not cause failure. It is
important that this step is carried out by an experienced
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Figure 11. System reliability analysis methodology
The system failure probability for the structure (𝑃 , ) can
then be calculated according to Equation 4 where 𝑃 , denotes
the failure probability for the original structure (before removal
of the critical element) and 𝑃 , | 𝑓 : denotes the failure
probability for element 𝑖, given that failure has occurred in
elements 1 to 𝑖.
(4)
𝑃, =𝑃, ×
𝑃, |𝑓:
For the case of the Ebbw bridge, there is some redundancy to
yielding of the T-section cross girder by way of load
distribution through the steel deck plate. An investigation of
the redundant model (i.e. with a hinge put at the point of failure
of the cross girder) indicated that the steel deck plate is the next
most highly stressed element, due to a point load at the same
location at which failure would occur for the T-section cross
girder. Figure 12 illustrates the effective stress in the steel deck
plate, after insertion of a plastic hinge, due to a 1kN axle (0.5kN
per rail) placed at the location of failure of the cross girder.
There is a high stress concentration of 2MPa directly over the
hinge (the red point in Figure 12). This is the most highly
stressed part of the bridge after insertion of the plastic hinge.
For the system analysis, the train axle loads were modelled
probabilistically, as opposed to the stresses induced by live
loading (Figure 10). This was possible for the cross-girder
elements because of the local nature of the load effect [2] where
only single axle loads have an impact on the stress. More global
effects may require the modelling of wagon loads, weight
distribution across the axles, and train configuration (axle
spacings).
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The failure probability was quantified using a Monte Carlo
simulation approach whereby each of the variables in the
analysis were sampled from their underlying distributions. The
failure space may then be defined according to Equation 5
where 𝑃(𝐴) denotes yield failure of the cross girder and 𝑃(𝐵)
denotes yield failure of the deck plate.

This analysis clearly shows that considering structural
redundancy in a system analysis can show a structure to have
higher levels of reliability than previously calculated from
element-based assessment.
4

CONCLUSIONS

The two case study assessments described in this paper indicate
that consideration of structural systems can lead to increases or
decreases in structural reliability, depending on consideration
of alternate live load failure positions, failure members and
structural redundancy. The task of carrying out a full
probabilistic system analysis of a real bridge while considering
alternative load positions, each potential failure member and
structural redundancy is still an open research problem.
However, from an industry perspective, the authors suggest an
approach similar to that developed in the second case study,
where the boundary and complexity of the analysis is driven by
the requirements from a safety perspective.
ACKNOWLEDGMENTS
Figure 12. Stresses in deck plate due to 1kN axle over cross
girder with hinge in place
In the Monte Carlo approach [𝑃(𝐴) × 𝑃(𝐵|𝐴)] was
calculated by counting the number of times the cross girder
failed in the original model, followed by failure of the deck
plate in the new model (plastic hinge at the cross girder). It is
important to note that the dead load and SDL was taken by the
original model, for both locations. The additional live load (i.e.
the positive difference between the stress induced by the axle
load and the yield stress, for each simulation) at each location
was taken by the new model.
𝑃,

= [𝑃(𝐴) × 𝑃(𝐵|𝐴)] + [𝑃(𝐵) × 𝑃(𝐴|𝐵)]

(5)

Table 5 shows the results of the Monte Carlo (MC)
simulation. Reliability and probabilities of failure are provided
for the cross girder (𝑃(𝐴)), deck plate (𝑃(𝐵)) and the system
𝑃 , . It is clear that a similar reliability index was obtained for
the cross girder for the original model, using both approaches.
The Monte Carlo approach was used for the system analysis as
it provides a more convenient platform to consider individual
failures and combinations of failures. The Monte Carlo
Simulation was run with 1×109 iterations, which provides
accurate results for failure probabilities greater than 1×10-8 (i.e.
10/𝑃 ).
Table 5. β-values for element-based assessment
Result Method
β
𝑃
β
𝑃

FORM
FORM
MC
MC

Cross
Girder
3.06
1.09×10-3
3.07
1.05×10-3

Deck Plate

System

Not assessed
Not assessed
Inf
0.00

Not assessed
Not assessed
4.83
6.97×10-7
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